
-&'Hospital's Rule I
⑤

⑥

Let I be an interval and fig are differentiable

functions on Isuch thatgixs to. Supposefimg(x) =to.

If tintix =7 where LERWTO), then infohere.

Pf:

· Suppose IEIR. Assume 10. Fix320. Assume 291.
I< L.

f(x) - f,y)Note that , -- Eysg(x)

= g(x) - g(y). f(x) - f(y)
g(x) g(x) -g(y)

↓ =03,
(1 - 83) f.)= ↓ + 13)

g(x) - g(y) g(x)

Since him "=L, there exists isso as the

that for anyXIsatisfying a sxcats,

15x, 5.
Now we fixy t(a, at5).



For any X-sa, y), by Roble's Theorem,

gexgry, since 't0 on 1.

By Canchy's MVT, there exists some

c-(x,y) such that

f(x) - f(y)

g(x) -ysy)
= fii, (L-3,L)

Since limgix = 0, thenturnare)-lme
x-a

Then there exists 3230 such that

for any XIsatufyingacxcate,

101, 1831 < 3.
Take S::min(3-X, Sc)
Then for any XI satisfying acxcats,

<(1 - y) Exfcp + <CH9)Lta21-3)(- 2) - 2 (
g(x)

i.2. 1 - (L+2+3)2< )< 2 +(2+2+2)3



Now we have proved limit when ..
Similarly, we can prove limiton the

the cases (10 or =0.

· Suppose L =0.

Note thatx=71- dy) -f +Ire(

FixM>0.

Since limix =0, there existsonthe
3. To such thatSM for any Xta, ats).

Fix yz(a, a+51.

By Rolk's Theorem and Cauchy's MVT,
for my Xt(a, 3), there exists (t(x,y) s.t.

#f(x) =j.g(1- g(y)
Since emg(x =0, links) =emet



Then I Saso such that for any
9<x<a+62, sp>-M, SPSt.
Take S::min3y-x, S2).

Fur any
X- (a, a+J),

fix =11- gie)e ifip +see-

> In -
=

Therefore, luc itsin

Similarly, we can prove lines and

the case II-0.

Rank:The argument stillworks when
a
=10.



Examples.

· fim
x+5

Note that linx, fimtux) =lin-a
x-5

By L'Hospital's Rule time =01x ->0

. lime-x-
x->0

Letf(x) =x" and gxi = e
*

Then f(x) =2x and gxi = e x.

ficx) = 2 and g'(x) =eX

Thus linex =in =dn- 0x-5

· Timsin
Let faxs=Insinxandgex) =dux

Then f(x) =x, and g'(x) = *
cBX/smX

x-0 1/X
This enemy-emlinonex)

=1.


